A simple expression of the Jarlskog determinant 
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Making the whole determinant of the CKM matrix V real, the imaginary part of any one term of 
the determinant of V (e. g. |Im V31I/22V13I) is the Jarlskog determinant J. We also point out that 
the maximality of the weak CP violation is a physical statement. 
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The Jarlskog determinant is [l| 
J _ -Det. C 



2F{mt,c,u)F{7nb,s,d) 



(1) 



where F{mt^c,u) = (rrit - mc){mt - mu){mc - niu) and 
F{mb,s,d) = {rrib - ms){mb - md){ms - md), and C is 



tC=[Mu,Md\, 



(2) 



where Mum = L("^'')tM''("''*)L(">'') with the diagonal 
]\^o{u,d)_ ^g^^ g^jgQ written as iC = [M„M^, M^M]]. 
Then, one can show that Q , 

Det.C = -2JF(™2 )F(m2 ). 



This Jarlskog determinant is product of two elements of 
V and two elements of V* , just twice the area of the 
Jarlskog triangle. 

If the determinant is real, i.e. for the unit determinant 
it can be written as 



1 — V11V22V33 — V11V23V32 + V12V23V31 

— yi2V2lV33 + V13V21V32 — V13V22V31. 



Multiplying ^^1*3^2*2^3^ on both sides, we obain 

^3 ^2*2 ^3*1 = 1^221^11^33^1*3^^3*1 ^ 1^11^23^^32^3^3*1^2*2 



|V^3l|Vi2y23"^^r3V^2*2 " '^121^21 "^^3 3 1^1*31^3*1 ^2*2 
11^131^21^321^3*1^2*2 " 1 1^13 ^^221^31 1' • 



(5) 



We will show that the imaginary part of the left-hand 
side (LHS) of Eq. ©,1.6. |Imy3iy22Vi3|, is the Jarlskog 
determinant J. Firstly, consider the second term on the 
right-hand side (RHS), - 14 1 1^23 1^32 1^13 1^3*1 1^2*2- It con- 
tains a factor V32 1^2*2' which is equal to — V31V2* — V33V2*3 
by the unitarity of V. Then, -1^11/^231^3214*31^3*11^2*2 = 
14il^23l4*3l2*i|l"3i|' + 1^111^33^*3 1^3*1 11'23|'. Especially, 
the second term 14 1^3314*313*1 1 123P combines with 
the first term of Eq. ©, | ^22 1 l^n 1^33 Vi*3 1^3*1, to make 
(1 - I V2iP)liil33 14*3 1^3*1- Second, note that the fourth 
term on the RHS of Eq. ©, - 1^12 1^2 11331^1*3 13*1 1^2*2 
containing the factor I33I34 = -I23I21 ~ 143Vi*i, 
can be rewritten as - 142 V21I33 14*3 1^3*il2*2 = 



1421^23 1^1*3 1^2*211^211' + 1^12 1^21 14*1 1^2*2 1 1^13 1 ' • Here, the 
first term 142V23l4*3l?2|1^2iP combines with the third 
term on the RHS of Eq. ([5]), jlsiP 14 2 1^2 3 14*3 1^2*2, to 
make (1 - |14i P)142 1^2314*3 V2*2- 

In sum, Eq. ([S]) can be rewritten as 



1^1*31^2*21^3*1 = (1 - 11^21 P)14ll^33 14*3 1^3*1 
+ 14ll23l4*3l^2*l|l"3ir + (1 - |14ini42l23l4*3l2*2 
+ |143|'(142l^2ll4*l 1^2*2 + 1^21 1^32 Kj*l 1^2*2) 



(6) 



-|ll3l"22l"3ir- 

Now, the unitarity plays 
plifying this expression. 



(3) of 14i 1^3314*313*1 



13 ' 

0, 

14i 1^3314*31^3*1 = 



1^3*1 l"a 
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be J. 

know 



an important role in sim- 
Let the imaginary part 
From V,\Vi3 + ^2*11^23 + 



|14ir|143r + 14ll^23l4*3l^2*l 



0; so the imaginary part of 14 1^2314*312*1 



-J. From ViiK,*, + V12V3 



14i 1^3314*313*1 



I42V33 1^3*2 1^1*3 ■ 



''32 



1^131^3*3 



14*2143 
14 2 12312*214*3 



1^2*21^23 + 1^3*2 



V? 



33 



114*2143 P 



= 0, 
= 0. 



0, we have 
= 0. And, from 
we have 142l33l32l4*3 + 
These two combine to 



114*31^33 



show that the imaginary part of 142 V23 12*2 14*3 J- On 



(4) the other hand, from 14*^142 + V2*il^22 



1^3*1 1^32 



know F21 1^32 1^2*2 13*1 + 142l"2ll4*ll2*2 + |l2*ll^22| 



= 0, we 
0; so the 



imaginary part of (V21 1^3212*213*1 +1421^211^141^2*2) zero, 
leading to the conclusion that the imaginary part of the 
RHSofEq. (l6Dis[(l-|F2iP)-|1^3iP + (l-|14in]J= J. 
Therefore, the imaginary part of I13I22I3* (the LHS of 
Eq. ([HI)) is J. It is the imaginary part of any one element 
among the six components of determinant of V as explic- 
itly shown in Q when the whole determinant is made 
real as defined in Eq. (jlj. This simplifies how the weak 
CP violation is scrutinized just from looking at the CKM 
matrix elements. We remind that the reality of the de- 
terminant of the quark mass matrix, which is related to 
the reality condition of y, is important in the strong CP 
study [1]. 

We can argue that the maximality of the weak CP vi- 
olation is a physical statement. The physical magnitude 
of the weak CP violation is given by the area of the Jarl- 
skog triangle. For any Jarlskog triangle, the area is the 
same. In the Wolfenstein parametrization the area of 
the Jarlskog triangle is of order A®. In Fig. [TJ we show 
the triangle with two long sides of order A. Rotating the 
0(A''') side (the red arrow), the CP phase S and also the 
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